Abstract. We consider spherical quadrangulations, i.e., graph embeddings in the sphere, in which every face has boundary walk of length 4, and all vertices have degree 3 or 4. Interpreting each degree 4 vertex as a crossing, these embeddings can also be thought of as transversal immersions of cubic graphs which we refer to as the extracted graphs. We also consider quadrangulations of the disk in which interior vertices have degree 3 or 4 and boundary vertices have degree 2 or 3. First, we classify all such quadrangulations of the disk. Then, we provide four methods for constructing spherical quadrangulations, two of which use quadrangulations of the disk as input. Two of these methods provide one-parameter families of quadrangulations, for which we prove that the sequence of isomorphism types of extracted graphs is periodic. We close with a description of computer computations which yielded spherical quadrangulations for all but three cubic multigraphs on eight vertices.
Introduction
This paper concerns spherical quadrangulations, i.e., graph embeddings in the sphere in which every face has boundary walk of length 4, and all vertices have degree 3 or 4. In fact, a simple Euler characteristic argument shows that there must be exactly 8 cubic vertices. We view such quadrangulations as immersions of cubic graphs with transverse crossings, and study their properties and various construction methods, while considering the question of which cubic graphs can be so realized. The work here is an outgrowth and development of preliminary ideas of Abrams and Slilaty [1] .
Quadrangulations are of interest because they concentrate all "curvature" at vertices, thereby giving a fair bit of control over their structure. For instance, a very explicit characterization of quadrangulations of the [flat] torus and [flat] Klein bottle in which every vertex has degree 4 (along with the additional property that the four faces around each vertex along with their boundaries form a 2 × 2 square grid) was initially given by Thomassen [20] ; a slightly different formulation is given by Márquez, de Mier, Noy, and Revuelta [13] . In any graph embedding, if "most" of the vertices are of degree 4, then G has "large" areas that are annular or appear as the standard, geometrically-flat, infinite {4, 4}-planar lattice. In contrast to this, vertices that are not of degree 4 create the curvature necessary for a quadrangulation to be in a surface other than the torus or Klein bottle.
There has already been work on generating spherical quadrangulations. For instance, generalizing a result of Nakamoto for graphs with minimum degree 3 [15] , Brinkmann et al. showed how each of various specific classes of simple spherical quadrangulations can be generated from a particular set of basic quadrangulations in that class by iteratively applying certain expansion moves; at each step the result of performing the move is in the specific class [5] . More recently, Nakamoto and Suzuki showed that any two quadrangulations of the sphere having n vertices can be transformed into each other by performing a number of diagonal slides and rotations that is bounded by a linear function of n [16] . However, even though these methods of modifying embeddings preserve the quadrangulation property, they change the degrees of vertices. Our restriction that all vertices must have degree 3 or 4 renders these methods not immediately applicable.
One perspective on spherical quadrangulations is that they are cubical 3-polytopes, which ties them to the more general study of cubical polytopes, i.e. polytopes whose boundary faces are combinatorially codimension-1 cubes (spherical quadrangulation). Babson and Chan, in their discussion of the f -vector of cubical polytopes, use the notion of derivative complex, which "captures the correspondence between cubical spheres and codimension one immersions" [2, Abstract] ; our transversal walks, discussed below, are in fact walks in the derivative complex, which in our case is the geometric realization of a graph. Blind and Blind, who also study the structure of cubical polytopes, use shellings and colorings to prove that in dimensions 2d ≥ 4 a cubical 2d-polytope in R 2d has an even quantity of vertices [4] . This generalizes our Proposition 3.4, which shows that not all numbers of vertices are possible for cubical 3-polytopes.
One can also consider spherical immersions from a more topological/ geometrical perspective. Here, we view a graph G as a 1-dimensional topological space, and define a [generic] spherical immersion of a graph G to be a continuous map α : G → S 2 having finitely many multiple points, each of which is a transversal double point disjoint from α(V (G)). From this perspective, slightly different considerations move to the fore. For instance, Nikkuni applies the cohomological Wu invariant to graphs and uses topological techniques to show that two immersions are equivalent under certain Reidemeister-like local moves, which holds if and only they are regularly homotopic, which in turn holds if and only if they have the same Wu invariant [17] . Permayakov proves essentially the same theorem (published before, but developed after and with knowledge of work of Nikkuni), but describes the Wu invariant from a combinatorial perspective and proves the characterization theorem by showing that regular homotopy can be used to reduce any spherical immersion of a graph G to one in which a spanning tree of G is embedded, and not just immersed [18] . Note, though, that these results put no restrictions on the boundary length of the faces, and in fact two of the local moves cannot be applied to quadrangulations.
Zeytin and Uludag do focus on quadrangulations, but from a more geometric perspective, extending work of Thurston on orientable triangulations. Here, each quadrangle is assumed to be a Euclidean square, and in order to enforce nonnegative curvature (hence a quadrangulation of the sphere) each vertex has degree at most four. Zeytin and Uludag show that for each possible triple (k 1 , k 2 , k 3 ), where k i is the quantity of vertices of degree i (the number of vertices of degree 4 is unlimited), there is a lattice Γ such that the orbits under a certain group of automorphisms of Γ give a one-to-one parametrization of quadrangulations corresponding to the given degree data. For the case (0, 0, 8), which is exactly the case of interest to us, the quotient space corresponds to the moduli space of 8 unordered points on the Riemann sphere [21] .
Although our objects of interest are immersions of graphs in the sphere, it is helpful to also think in terms of immersions of one graph in another. Let P (G) denote the set of paths in G. Formally, an immersion of a graph H in a graph G is a function β :
• if e = uv ∈ E(H) then β(e) is a β(u), β(v)-path in G;
• if e, e ∈ E(H) are distinct edges then the paths β(e) and β(e ) are edge-disjoint.
Our case actually demands more: an immersion of H in G is a strong immersion if for any edge uv ∈ E(H), the path β(uv) intersects β(V (H)) only at the ends of β(uv). Thus, our objects of interest are strong graph immersions β of a cubic graph H on 8 vertices into a spherical quadrangulation G for which β | V (H) is a bijection. The notion of graph immersion provides an analogue to the minor and topological minor relations. Robertson and Seymour have shown that the class of graphs is well-quasi-ordered by the immersion relation [19] . Following this line of research, Giannopoulou et al. describe properties of some graphs not containing K 3,3 as an immersion [9] , and recently, Dvořák and and Hruška characterized those graphs not having K 3,3 as an immersion [7] . In a more general result, Dvořák and Wollan prove a structure theorem for graphs excluding a fixed graph as a strong immersion [8] .
An additional restriction we place on our immersions is that crossings must be transversal. This can be described combinatorially using language of Malkevitch, who defines a notion of coded path which, when approaching a given vertex, indicates the number of edges to rotate by before continuing on [12] . We are considering paths which begin and end at cubic vertices, have all interior vertices of degree 4, and have the code "(2)", i.e., the continuation through any degree 4 vertex v is never to an edge which is adjacent to the entry-edge in the rotational order at v. Malkevitch himself studies properties of coded paths in r-regular multi-k-gon graphs for various codes and values of r and k, but does not address the case of interest to us [12] . Transversality of crossings also raises questions about crossing number and drawings of graphs with crossings. An algorithm of Batini et al. seems to be relevant in this regard, although we do not discuss it in this work. Batini et al. describe a means of drawing entity relationship diagrams (diagrams showing the relationships of types of entities in a database) which involves a planarization step, where a maximal planar subgraph is embedded, and then the remaining edges are added with transversal crossings which are interpreted as new vertices. [3] Section 2 presents the basic notions of embeddings and immersions we need, and in particular highlights the notion of transversal extension of a path. This is followed in Section 3 by the definition of our main object of study, cubic quadrangulation, which as we have outlined above is a cellular spherical embedding such that all faces are quadrangles and all vertices have degree 3 or 4. Our first major theorem is Theorem 4.2, which classifies all cubic quadrangulations of a disk; these are the building blocks for some of the constructions we provide.
Section 5 presents four techniques for constructing cubic quadrangulations, along with appropriate verifications of correctness: 5.1. The two disks construction, which produces cubic quadrangulations by attaching two quadrangulated disks along their boundary; 5.2. The radial construction, which makes use of the fact that the radial graph of a cubic quadrangulation is itself a cubic quadrangulation; 5.3. The spiral construction, which begins with a quadrangulated disk and builds the remainder of the cubic quadrangulation using a specific "spiraling" process. Proposition 5.7 identifies a particular periodicity property that this construction enjoys; 5.4. The cable construction, which is similar in flavor to the spiral construction, but works by modifying an existing cubic quadrangulation. Again, we have a periodicity result, given in Theorem 5.8.
In Section 6 we discuss computational efforts to produce quadrangulated spherical immersions of all cubic multigraphs on 8 vertices. We found immersions of all 69 non-connected multigraphs on 8 vertices, and of the 71 connected multigraphs we found immersions of all but the three shown in Figure 27 . Figure 1 shows quadrangulated spherical immersions of the five simple connected graphs on 8 vertices.
Embeddings, Transversals, and Immersions
We refer to [10] for the basics of graph embeddings not covered here. A graph G embedded in a topological surface S is said to be cellularly embedded if the complement of G in S is a disjoint union of open topological disks; these are the faces of the embedding. A cellular graph embedding corresponds to a rotation scheme, i.e., an assignment to each vertex of a cyclic ordering of the edges incident to that vertex.
If graph G is embedded in a surface S and P is a path in G with vertices v 0 , v 1 , . . . , v n , in that order, then we say P is a transverse path of G in S if, for i = 1, 2, . . . , n − 1, we have deg(v i ) = 4 and the edges of P incident to v i are non-consecutive in the rotation scheme. A transverse path P is complete if neither of its endpoints has degree 4 in G. A transverse closed walk of G in S (or just transversal of G in S ) is a walk W of G such that for each vertex v in W we have deg(v) = 4 and if w, w are consecutive edges of W incident to v then w, w are non-consecutive in the rotation scheme.
Given a vertex v of degree 2 with incident edges uv and vw, to smooth the vertex v means to add an edge uw and delete v along with uv and vw. If G contains a transverse closed walk W then we can simplify G by deleting the edges of W and smoothing the vertices that are now of degree 2; we refer to this two step process as deleting the transverse walk. If G is cellularly embedded then we refer to the cellular embedding ρ(G) obtained by deleting all closed transverse walks in G the reduction of G.
Given a cellular embedding of a graph G for which all vertices of even degree have degree 4, we may construct another graph ε(G) we call the extraction from G as follows. The vertices of ε(G) are the odd-degree vertices of G, and given two odd-degree vertices u, v of G there is an edge uv in ε(G) exactly when there is a transverse path in the embedding of G in S from u to v. Note that embedding of G in S corresponds to an immersion of ε(G) in S, and the vertices of degree 4 in G correspond to transverse crossings in the immersion.
Consider a cellular embedding of a graph G. Suppose that f is a 5-sided face in this embedding having boundary vertices v 0 , v 1 , . . . , v 4 (indexed modulo 5), in that cyclic order, and that P is a path in G whose last vertex is v i for some i, but whose last edge is not on ∂f . A single-edge transverse extension of P is the path obtained by subdividing the edge v i+2 v i−2 with a new vertex u, then introducing a new edge v i u to the embedding and adjoining it to P ; see Figure 2 . Note that the face f has now been subdivided into two quadrangles, and that if the face other than f incident to v i−2 v i+2 had originally been a quadrangle Figure 2 . A single-edge transverse extension.
it is now a pentagon. A transverse extension of P is the path obtained by iteratively performing single-edge transverse extensions. Intuitively, one may think of a transverse extension as being obtained by extending P "straight across" a sequence of quadrangles.
Cubic Quadrangulations
A cubic quadrangulation is a cellular embedding of a graph G in the sphere S 2 such that each vertex of G either has degree 3 or degree 4, and all faces of the embedding are quadrangles. A cubic quadrangulation can also be thought of as an immersion of the cubic graph ε(G), and thus we also speak of quadrangulated immersions of cubic graphs.
For a cubic quadrangulation G, let ν, µ, and λ denote the quantity of vertices, edges, and faces, respectively. Also, let ν i denote the quantity of vertices of degree i. Proof. We have 2µ = 3ν 3 + 4ν 4 and 2µ = 4λ. Taken together with the Euler formula (ν 3 + ν 4 ) − µ + λ = 2, we get
which give ν 3 = 8. We also have 4λ = 3ν 3 + 4ν 4 = 24 + 4ν 4 , so λ = 6 + ν 4 .
Given a graph G we define the edge space E(G) to be the GF (2)-vector space generated by the edges of G; note that we may think of elements of E(G) as sets of edges, and vice-versa. Define the cycle space of G to be the subspace Z(G) ⊂ E(G) generated by the cycles of G, viewed as edge-sets. Because every cycle in S 2 bounds a disk, if G is embedded in S 2 then Z(G) is generated as a vector space by the edge-sets of the facial boundaries of G in S 2 . It follows that the cycle space of a cubic quadrangulation is generated by even cycles, and hence all cycles of G are even; equivalently, any cubic quadrangulation is a bipartite graph. If A, B ⊂ V (G) give a bipartition of G, then we write ν A,i (or ν B,i ) for the quantity of vertices in A (or B) having degree i. Proof. Assume, without loss of generality, that ν A,3 ≥ ν B, 3 . Since ν A,3 = 0 mod 2, we see that ν A,3 ∈ {4, 6, 8}, and from Proposition 3.2 we obtain
Since this is even when ν A,3 ∈ {4, 8} and odd when ν A,3 = 6, we are done.
Proposition 3.4 follows the theme of a proposition of Blind and Blind [4] . Proposition 3.4. There is no quadrangular immersion of a simple cubic graph having exactly one crossing, and there is only one having two crossings.
Another way to state Proposition 3.4 is that a cubic quadrangulation whose extracted graph is simple cannot have exactly 9 vertices, and there is exactly one such cubic quadrangulation having exactly 10 vertices.
Proof. Suppose, for the sake of contradiction, that we have a simple cubic quadrangulation G with a single degree-4 vertex u. Since we have a quadrangulation, the neighborhood of u must look like the diagram in edge, contradicting the simplicity of G. Thus Figure 3 shows all vertices of G and all but two edges of G. Since G must have 8 degree 3 vertices, the only options are that G contains the edges v 1 v 3 and v 2 v 4 or the edges v 1 v 2 and v 3 v 4 . In either case, though, we have odd-length cycles, contradicting the fact that G is bipartite.
Suppose now that G has two degree-4 vertices, u and w. As before, u must have a neighborhood as shown in Figure 3 , with none of the boundary vertices identified. Thus, in this case, Figure 3 shows all but one vertex of G and all but four edges of G. If the unshown vertex has degree 3, then there is an edge connecting two of the boundary vertices. Up to dihedral symmetry, the only edge connecting two boundary vertices which creates no parallel edge and no odd cycle is v 1 w. However, this edge cause the degree-2 vertices on the boundary to be in separate faces, implying that there is nowhere the remaining degree 3 vertex can be placed. It follows that the unshown vertex has degree 4, and the cubic quadrangulation is as shown in Figure 4 . Figure 5 . Construction of the buffered quadrangulation.
Quadrangulated Disks
Given a disk D write ∂D to denote its boundary and D
• to denote its interior. We say a connected graph G is properly embedded in a disk D if ∂D is covered by a cycle of G. We say that D is quadrangulated by G if G is properly embedded in D and every face of the embedding is a quadrangle. If G is properly embedded in D, let b k denote the quantity of boundary vertices of degree k and let i k denote the quantity of interior vertices of degree k. Using these relations together with the Euler characteristic formula (b 2 + b 3 + i 3 + i 4 ) − e + f = 1, the result readily follows.
We refer to a quadrangulated disk as a digon, triangle or square according as b 2 = 2, 3 or 4, respectively, and we refer to the vertices of degree 2 on the boundary of the disk as its corners.
Given a quadrangulation of a disk D by a graph G we construct a corresponding buffered quadrangulation of a disk D having no vertices of degree 2 on ∂D as follows: Let the vertices of G on ∂D be v 1 , . . . , v n , in that cyclic order. Copy the embedding of G in D into D
• , place an n-cycle with vertices v 1 , . . . , v n , in that cyclic order, on ∂D , and for each i add an edge v 1 v 1 so as to form a ring of quadrangles incident to ∂D ; see Figure 5 . Observe that the respective degrees of the vertices of G on ∂D have now each increased by 1. We define the reduction ρ(D) of a quadrangulation of a disk D by a graph G by analogy with reduction for a graph embedding in a closed surface. Thus, if T is a transversal W or is a transverse path P having both ends on ∂D, then T can be deleted by deleting all edges of T and smoothing all resulting degree 2 vertices. We say the quadrangulation is irreducible if G = ρ(G). We refer to a quadrangulation of D as a cubic quadrangulation if every vertex in D
• has degree 3 or 4 and every vertex in ∂D has degree 2 or 3. Theorem 4.2. All irreducible cubic quadrangulations of a disk are isomorphic to one of the quadrangulations given in Figure 6 , or to the buffered quadrangulation corresponding to one of those.
Proof. Suppose disk D is irreducibly quadrangulated by graph G. Let b 2 and i 3 be defined as above; by Proposition 4.1 these satisfy b 2 +i 3 = 4. Note that for each of the i 3 degree-3 vertices v in D
• there are three transverse paths with one end on v, and because the quadrangulation is irreducible, all edges in G belong to one of these paths. The strategy of this proof is to study the way such transverse paths can be arranged in D.
We begin with an observation that will reduce our work later. Suppose that v is a degree-3 vertex in D
• and that P 1 and P 2 are transverse paths with one end at v. If P 1 and P 2 share a single vertex w = v, then the portions of P 1 and P 2 extending between v and w bound a digon D , and thus by Proposition 4.1 there must be exactly two degree-3 vertices in D
• . We see that if w has degree 3 in G then we are in the case i 3 = 4, and otherwise we are in the case i 3 = 3. Similarly, it is only possible to have a transverse path cross itself in the case i 3 = 4.
We now break up our analysis according to the possible values of i 3 .
Case i 3 = 1. Let v be the degree-3 vertex in D • and let P 1 , P 2 , and P 3 be the transverse paths starting at v. As observed above, these paths must all extend from v to ∂D without intersecting each other, and thus in fact each consists of a single edge. Let u 1 , u 2 , u 3 be the ends of P 1 , P 2 , P 3 , respectively, on ∂D; these three vertices and the three degree-2 vertices account for all vertices of G on ∂D. If u i , u j are adjacent on ∂D for some i, j, then P i , P j and the edge u i u j bound a triangle D with corners v, u i , and u j , necessitating the presence of an additional degree-3 vertex w in D
• . Since w would be in D • , this contradicts the assumption that i 3 = 1. We conclude that G in D has the structure shown on the bottom row of Figure 6 , to the right of center.
Case i 3 = 2. Let v 1 , v 2 be the degree-3 vertices in D
• , and let u 1 , u 2 be the degree-2 vertices on ∂D.
Suppose first that transverse path from v 1 to v 2 , so that all transverse paths from v 1 or from v 2 have their other end on ∂D. If the ends of all three transverse paths P 1 , P 2 , P 3 from v 1 lie on a single u 1 , u 2 -arc of ∂D, then P 1 , P 2 , P 3 together with portions of the boundary arc form two triangles, necessitating the presence of an additional two vertices of degree 3. Since there is only one degree 3 vertex other than v 1 , this would be a contradiction. Thus two of P 1 , P 2 , P 3 end on one u 1 , u 2 -arc, and one ends on the other. We see that P 1 , P 2 and P 3 , together with appropriate portions of the boundary, form two squares and one triangle. This forces v 2 to be located in the interior of the triangle as in the case i 3 = 1, and for its transversely extended transverse paths to be arranged as shown on the bottom row of Figure 6 , to the left of center. Now suppose that there is a transverse path P from v 1 to v 2 . By the work-saving observation above the path P cannot cross any other transverse path. Let P 1 , P 2 be the two transverse paths from v 1 other than P . If P 1 and P 2 end on the same u 1 , u 2 -arc then they form a triangle D , so v 2 must be located in D
• . But this is the same as the case i 3 = 1, so we see that P must cross either P 1 or P 2 , a contradiction. It follows that P 1 and P 2 end on different u 1 , u 2 -arcs, and by an analogous argument this is true of the two transverse paths from v 2 . Finally, if a transverse path from v 2 crosses P 1 or P 2 then, together with P or a portion of a u 1 , u 2 -arc, we necessarily have a digon or a triangle, a contradiction. Thus, the configuration must be as shown on the bottom row of Figure 6 , to the far left.
Case i 3 = 3. Let u be the degree-2 vertex on ∂D and let v 1 , v 2 , v 3 be the degree-3 vertices in D
• . In this case, it is possible that there is a vertex v i for which there are two transverse paths from v i that cross. In Case A we assume there is no such crossing, and in Case B we assume that there is. Case A. Suppose first that one of v 1 , v 2 , and v 3 has no transverse path to either of the other two; without loss of generality say this is v 1 . Then the transverse paths from v 1 , together with ∂D, form two triangles and, corresponding to the portion of ∂D containing the degree-2 vertex u, a square. By Proposition 4.1, one triangle, call it T 2 , must contain v 2 and the other, call it T 3 , contains v 3 . Let P denote the transverse path on the boundary of both T 2 and T 3 , and let P 2 , P 3 denote the other transverse paths from v 1 that are on the boundary of T 2 , T 3 , respectively. These are configured as in the following diagram.
The transverse paths from v 2 and from v 3 must extend to the boundary arcs of T 2 and T 3 , respectively, as in Case i 3 = 1. Those paths intersecting P 2 and P 3 have unique transverse extensions, and those extensions end at ∂D. Let u 2 and u 3 be the vertices at which transverse paths P 2 and P 3 from v 2 and v 3 , respectively, [first] intersect P . If u 2 = u 3 , then there unique transverse extensions of P 2 and P 3 , which end at ∂D, yielding one of the two configurations on the top right of Figure 6 , which violate the case A hypothesis for paths from v 2 or v 3 , depending on the specific configuration. (In fact, the specific configuration depending on whether u 2 or u 3 was closer along P to v 1 . If u 2 = u 3 , then we obtain the configuration on the top of Figure 6 , to the left of center. )
Suppose now that from each of v 1 , v 2 , and v 3 there is a transverse path to at least one of the others. Suppose first, for the sake of contradiction, that there are three such paths P 1 , P 2 , P 3 connecting v 1 , v 2 , and v 3 in a cyclic fashion (but not necessarily in that cyclic order). It cannot be that any of P 1 , P 2 , P 3 cross any of the others, as that would contradict our Case A hypothesis, and it cannot be that any of P 1 , P 2 , P 3 crosses itself, as we have i 3 < 4. This means that P 1 , P 2 , P 3 bound a triangle, again a contradiction since i 3 = 3.
It follows that v 1 , v 2 , v 3 are connected by transverse paths in a linear fashion, say by a transverse path P 1 from v 1 to v 2 and a transverse path P 2 from v 2 to v 3 . Because of our Case A hypothesis and the impossibility of having any triangles in the D
• which do not contain a degree-3 vertex, we must have the partial configuration shown below on the left:
Let Q 1 Q 3 denote the third transverse paths from v 1 , v 3 , respectively, not shown on the left above. Again invoking our Case A hypothesis and the issue of triangles, if Q 1 crosses any of the other transverse paths shown, it must first cross P 3 and then, because a triangle may not be formed, it must cross P 2 as well. This yields the configuration shown above on the right. Note that the two shaded regions are squares, and therefore Q 3 necessarily forms a triangle, a contradiction. It follows that Q 1 does not cross any of the other transverse paths shown, and an analogous argument shows the same holds of Q 3 . It now readily follows that we must have the configuration shown on the top left of Figure 6 . Case B. We now suppose that there are two crossing transverse paths from a single degree-3 vertex, say v 1 . This creates a digon, which necessarily contains v 2 and v 3 in its interior. To avoid creating any triangles adjacent to ∂D, we must have the following partial configuration:
Applying Case i 3 = 2, if v 2 and v 3 have a transverse path between them, then we obtain the configuration in the center of the top row of Figure 6 , and if not then we obtain one of the two configuration on the right side of the top row. (See Case A for some comments about these.) Case i 3 = 4. Let the vertices on ∂D be u 1 , u 2 , . . . , u n , in that cyclic order. Since b 2 = 4 − i 3 = 0, for each i there is a vertex w i and an edge u i w i not on ∂D. Moreover, because D is quadrangulated, for each i the edges w i u i , u i u i+1 , u i+1 w i+1 are three sides of a quadrangle, and therefore w i = w i+1 and there is an edge w i w i+1 . Now, for the sake of contradiction, suppose that w i = w j for some i = j. We then find four edges w i u i , w i w i−1 , w i w i+1 , and w i u j . Since w i has degree at most 4, there must be exactly four quadrangles at w i ; taking into consideration the orientation of the cycle on ∂D
• , confirming that D is a buffering of one of the configurations identified in the previous cases. Proof. The first assertion is immediate since all faces, interior vertices and interior edges remain as they were in their respective disks, the degree of each boundary vertex goes up by at most 1, and no vertices remain at degree 2. Suppose first that G contains a cycle C comprised of complete transverse paths. Since C is a cycle it is a Jordan curve in the sphere, so is the common boundary of two closed disks D and D . Because C is comprised of complete transverse paths, each of D and D is quadrangulated. Corresponding to each degree 3 vertex on C there will be a degree 2 vertex in exactly one of ∂D or ∂D ; the corresponding vertex in the boundary of the other disk will have degree 3. Corresponding to each degree 4 vertex on C there will be a degree 3 vertex in both ∂D and ∂D .
Conversely, if the two disk construction is performed with disks D and D such that at least one of ∂D and ∂D has a degree 2 vertex, then the image of ∂D in D ∪ ϕ D will be a cycle comprised of complete transverse paths.
Suppose then that neither ∂D nor ∂D has a degree 2 vertex, so that the image of ∂D in D ∪ ϕ D is a transverse cycle C. As shown in the case i 3 = 4 in the proof of Theorem 4.2, D is a buffering of a diskD for which ∂D does itself have a degree 2 vertex. The map ϕ : ∂D → ∂D induces an obvious mapφ : ∂D → ∂D , and the image of ∂D inD ∪φ D = D ∪ ϕ D will be a cycle comprised of complete transverse paths.
Given an edge e in the extraction ε(G), we write ε −1 (e) to denote the complete transverse path in G corresponding to e. The following result confirms that not all cubic quadrangulations can be constructed with the two disks construction. Figure 8 fails the condition in Proposition 5.1, and thus cannot be constructed with the two disks construction.
Proposition 5.2. The example shown in
Proof. Let G denote the cubic quadrangulation shown in Figure 8 . We check the condition of Proposition 5.1.
Note first that each complete transverse path corresponds to an edge of ε(G), so to show that there are no cycles in G comprised of complete transverse paths, we must show that no cycle in ε(G) can be realized as a cycle in G.
• Let aa and f f denote the loops on vertices a and f , respectively. Both ε −1 (aa) and ε −1 (f f ) self-intersect, so neither is a cycle in G.
• The transverse paths ε −1 (dg) and ε −1 (dh) intersect each other, and thus cannot be part of a cycle in G. Similarly, the transverse paths ε −1 (ec) and ε −1 (eb) cannot be part of a cycle in G.
• For one of the edges σ connecting g and h in ε(G) the path ε −1 (σ) self-intersects, so we have no cycle in G corresponding Figure 9 . A cubic quadrangulation, its radial graph, and the radial graph of its radial graph. In this example, G is the cube and R(G) is a quadrangulated immersion of two copies of K 4 .
to the 2-cycle on g and h in ε(G). Similarly, for one of the edges τ connecting b and c in ε(G) the path ε −1 (τ ) self-intersects.
We see that there are no cycles in G comprised of complete transverse paths.
A second example that cannot be constructed with the two disks construction is shown in Figure 28 .
5.2.
The radial construction. Given a cellular embedding Γ of a graph G in a surface S, the radial graph R(G) is the graph with vertex set V (Γ) ∪ F (Γ) and edge set {vf | v ∈ V (Γ), f ∈ F (Γ), v ∈ ∂f }. R(G) naturally inherits an embedding in S from the embedding of G in S, and it is easily verified that the faces of R(G) in S are all quadrangles. A vertex of R(G) corresponding to a vertex of G has the same degree as in G, and a vertex of R(G) corresponding to a face f of G has degree equal to the number of vertices on ∂f . It follows that if G in S is a CQ, then R(G) in S is also a CQ. See Figure 9 for examples. Note that even if G in S was irreducible, it need not be the case that R(G) in S is irreducible. In Figure 9 , R(G) is irreducible but R 2 (G) is not. In fact, in that example we have ε(R 2 (G)) = G; this is a special case of a general property, as Proposition 5.3 states. Proposition 5.3. For any embedding of a graph G in a surface S, we have ε R 2 (G) = ε(G).
Proof. Observe that, from any embedded graph G, the double radial R 2 (G) can be obtained by (1) subdividing each edge e of G with a new vertex v e in its center; (2) adding a vertex v f in the center of each face f of G; and, (3) for each face f and each edge e on ∂f , adding the edge v e v f .
It follows, therefore, that each edge-vertex v e and each face-vertex v f has degree 4, and all new edges belong to the induced subgraph on the set of such vertices. This essentially says that R 2 (G) is obtained from G by adding in a family of transversals.
For the next result, note that if G is a cubic quadrangulation then vertices in R(G) corresponding to faces of the embedding must have degree 4. It follows that if u is a vertex of ε(R(G)), then u is a vertex of R(G) corresponding to a vertex of G. Proof. Observe first that if G is a cubic quadrangulation and u, w are vertices in the same component of ε(R(G)), then u, w correspond to vertices in the same block of the bipartition of G. We can see this as follows: Suppose u, w are degree-3 vertices in R(G) and P is a transverse path from u to w in R(G). Write P = v 1 , f 1 , v 2 , f 2 , . . . , v k , f k where v i are vertices of R(G) corresponding to vertices of G (with v 1 = u and v k = w) and f i are vertices of R(G) corresponding to faces of the embedding of G. Since every face of G is a quadrangle we can construct an even-length path P in G from u to w by replacing each subpath v i , f i , v i+1 with one of the two subpaths v i , x i , v i+1 , where x i is a vertex on ∂f i other than v i and v i+1 .
If G is a cubic quadrangulation with an odd quantity of vertices, then by Corollary 3.3 not all degree 3 vertices are in the same block of G. Combining this with the observation from the previous paragraph, we see that ε(R(G)) cannot be connected.
On the other hand, if ε(R(G)) is connected then all cubic vertices of G must be in the same block of the bipartition of G. Thus all vertices in the other block of G have degree 4, so that one transverse-path component of R(G) consists only of vertices of degree 4, and therefore contains at least one transversal. Figure 10 illustrates an example of a cubic quadrangulation G for which ε(R(G)) is not connected, and Figure 11 illustrates an example of a cubic quadrangulation G for which ε(R(G)) is connected. Figure 10 . On the left, a cubic quadrangulation G with the vertices of one block shown filled in and the vertices of the other block shown as diamonds with white centers. In the center, the radial graph R(G), with vertices corresponding to faces of G shown as "⊗" and the distinction between rendering of edges indicating which block they belong to. On the right, the disconnected extraction ε(R(G)). Figure 11 . On the left, a cubic quadrangulation G with the vertices of one block shown filled in and the vertices of the other block shown as diamonds with white centers. In the center, the radial graph R(G), with vertices corresponding to faces of G shown as "⊗" and the distinction between rendering of edges indicating which block they belong to. Note that the dashed edges and diamond vertices comprise a single transversal. On the right, the connected extraction ε(R(G)).
G R(G) ��R(G))

5.3.
The spiral construction. Let disk D have a cubic quadrangulation with n ≥ 6 vertices on ∂D, including at least one degree-2 vertex and one degree-3 vertex on ∂D. Label the vertices on ∂D consecutively with u 0 , u 1 , . . . , u n−1 where u 0 has degree 3 and u n−1 has degree 2 and choose an integer l ≥ 1. If l < n/2 then we impose the additional Figure 12 .
The spiral construction applied with l < n/2.
requirement that v l+1 , v l+n/2 , and v l+n/2+1 all have degree 3. The spiral construction proceeds in two steps.
Step I. Step II. For j = 0, 1, . . . , n/2 − 3 add edges v l+n−1−j v l+2+j . Figure 12 depicts the spiral construction when l < n/2, and Figure  13 shows a specific instance of the spiral construction. Given a cubic quadrangulation Γ of a disk D with a valid choice of cyclic labeling of the vertices on ∂D, for each valid choice of l we write S l (Γ) for the spherical embedding resulting from applying the spiral construction with the given choices. Proof. We first analyze Step I. We begin with all n vertices on ∂D of degree 2 or 3. With each increment of i, a new quadrangle is added to the exterior of the disk, increasing the degree of v i+1 and v n+i−1 by 1, so each is now of degree 3 or 4, whereas the new vertex v n+i has degree 2. In the initial case i = 0 the degree of v 0 has not been changed, which is precisely why the vertex labeling must be chosen so that v 0 begins with degree 3. Note that, for each increment of i, no interior vertices are modified, so all are of degree 3 or 4, and all vertices on the boundary are of degree 2 or 3, with the possible exception of v i , which may have degree 4. Similarly, no existing interior faces are modified, so all interior faces are quadrangles. At the end of Step I the boundary still has length n, as the loss of vertex v 0 is balanced by the gain of vertex v n+l−1 . We now analyze Step 2. For each increment of j, the edge v l+n−1−j v l+2+j creates a new quadrangle. Because v l+n−1−j and v l+2+j were on the boundary of the disk at the end of Step 1 and neither is v l , they each had degree 2 or 3 previously, and thus each has degree 3 or 4 now. The vertex v l is now interior, so it is not an issue that it might have degree 4. In the initial case j = 0 the vertex v l+1 is incorporated into the interior via the addition of the new face without increasing its degree. This is not an issue, since if l < n/2 we require that it have degree 3, and if l ≥ n/2 it is guaranteed that v l+1 will have degree 3 at the conclusion of Step 1.
At each increment of j, the boundary of the disk becomes shorter by 2 edges. Since our graph is bipartite the original boundary length, n, is even, and thus Step 2 continues until the boundary has only vertices
Because of the final increment of j, i.e., j = n/2 − 3, the vertices v l+n/2−1 and v l+n/2+2 each have degree 3 or 4. The degrees of v l+n/2 and v l+n/2+1 are not changed in the course of Step II, but again this is not an issue since if l < n/2 we require that they each have degree 3, and if l ≥ n/2 it is guaranteed that they will have degree 3 at the conclusion of Step 1.
In light of Proposition 5.5 and Proposition 3.4, the example in Figure  13 verifies Corollary 5.6. Although the sequence S l (Γ) is infinite, it only yields quadrangulated immersions of finitely many cubic graphs.
Proposition 5.7. For any cubic quadrangulation Γ of a disk D with a valid choice of cyclic labeling of the n vertices on ∂D and any valid choice of l > 1, we have ε(S l (Γ)) = ε(S l+n−1 (Γ)).
Proof. Since this is a periodicity result, it suffices to prove it for values l < n. We will define a graph isomorphism ϕ : ε(S l (Γ)) → ε(S l+n−1 (Γ)); for ease of notation we will write u i for vertices of S l (Γ) and v i for vertices of S l+n−1 (Γ), understanding that for some values of i one can reasonably assert that u i = v i .
The interior of the original disk D contains some number of degree 3 vertices, and any vertices on ∂D which originally had degree 2 now have degree 3 in both ε(S l (Γ)) and S l+n−1 (Γ); on all these vertices we define ϕ to be the identity. Additionally, we define ϕ to map the degree 3 vertices u 0 , u l+n/2 , u l+n/2+1 , u l+1 , and u l+n−1 , in ε(S l (Γ)) to the degree 3 vertices Figure 14 . The result of applying Steps I and II to obtain S l+n−1 (Γ); the interior of the original disk, which occupies the outer face, is not shown. The degree 3 vertices outside the original disk are shown enlarged with white centers.
From Figure 14 it is not difficult to see that there is now a correspondence of complete transversal paths in S l (Γ) with complete transversal paths in S l+n−1 (Γ) which is consistent with ϕ. In particular, we have the following correspondences: the complete transversal the complete transversal path in S l (Γ) containing path in S l+n−1 (Γ) containing vertex u i+1 but no edge in ∂D ↔ edge v i+1 v n+i (for 0 ≤ i < l − 1) Figure 15 shows the extracted graphs obtained from the spiral construction family shown in Figure 13 .
5.4. The cable construction. In this section we present a construction that is similar in flavor to the spiral construction, but exhibits somewhat more flexibility.
Suppose G is a cubic quadrangulation, W * is a walk in the dual embedding G * , and e is an edge of G corresponding to a dual edge e * occurring in W * . Let f denote the face the walk W * arrives at after crossing e * , and label the edges of ∂f as shown in Figure 16 . We say that W * turns to the right after edge e if after crossing e the next edge in W * is the dual edge e * r . Similarly we say that W * continues straight after e or turns left after e if the next edge in W * is the dual edge e * s or e * l , respectively. Let G be a cubic quadrangulation, and let W * be a walk in G * having 2k turns which alternate right and left and further require that if v * is a vertex at which W * has four edges, then W * has two turns at v * . We refer to a walk satisfying these conditions as a cabling walk. Number the edges of W * in order as e * 1 , e * 2 , . . . , e * n (where indices are taken modulo n), and let r 1 < l 1 < r 2 < l 2 < · · · < r k < l k be indices such that, for each i, W * turns to the right after crossing edge e * r i
, and then turns to the left after crossing edge e * l i
. For each dual edge e * i
we think of the edge e i in G as oriented left to right relative to the direction (thought of as "straight") that W * traverses e i , and write u i,1 , u i,2 for the source of e i and target of e i , respectively. Let
Given a number c ≥ 1, we apply the following cable construction to G to obtain a new cubic quadrangulation C(G, W * , c). We describe each step in such a way that it is clear not only what happens combinatorially, but also how the vertices and edges should be placed topologically. In particular, no intersections are introduced except at new vertices, as specified. For convenience, we define C(G, W * , 0) to be G itself. See Figure 17 for examples of the cabling construction.
Theorem 5.8. Suppose G is a cubic quadrangulation and W * is a cabling walk in G * . For any natural number c the embedding C(G, W * , c) is a cubic quadrangulation, and for any c we have Now we confirm that all faces are quadrangles. Write f i for the face having edges e i and e i+1 in its boundary; since W * is a closed walk, these are exactly the faces changed in going from G to C(G, W * , c). Prior to Step 7, the face f i has been subdivided, left to right, into
• a triangle, c − 1 quadrangles, and another triangle, for i ∈ I (Step 4); • c quadrangles and a triangle, for i ∈ I R (Step 5);
• a triangle and c quadrangles, for i ∈ I L (Step 6).
In
Step 7, one edge of each of the triangles mentioned above is deleted; with the smoothing of degree 2 vertices each becomes part of a quadrangle; see Figure 18 .
Finally, to prove the statement about the extracted graphs, we study the complete transverse paths in C(G, W * , c). Note first that the vertices u i,1 and u i,2 , for i = 1, 2, . . . , n are the only vertices of G affected by the construction. For each i ∈ I ∪ I L , the edge e i from u i,1 to u i,2 in G is replaced by the transverse path u i,1 v i,1 v i,2 · · · v i,c u i,2 , which does not affect the structure of the extracted graph regardless of the value of c.
For i ∈ I ∪ I L , prior to performing Step 7 there is a transverse path
where the sequence {a j } is defined by
Furthermore, we necessarily have either i−m+1 ∈ I ∪I L or i−m ∈ I L , since the last edge has u i−m,2 as its second end. After Step 7, some of the intermediate vertices in P i will be gone, but P i will still be a transverse path from u i,1 to u i−m,2 . Now note that, in C(G, W * , c + |I R ∪ I|), the transverse path P i will be replaced by a transverse path P i from u i,1 to u i−m ,2 where a m −1 = c + |I R ∪ I| − 1. Since we have a j+1 = a j + 1 exactly when i − j − 1 ∈ I R ∪ I, we see that P i does a full traversal of all edges of I R ∪ I, and hence all n edges of W * , in addition to what occurred in
We see that the transverse paths in C(G, W * , c + |I R ∪ I|) connect the degree-3 vertices as in C(G, W * , c), so we are done.
Since the cabling walk in Figure 17 has |I R ∪I| = 4, Theorem 5.8 tells us that the seqence of extracted cubic graphs depicted there repeats periodically according to the value of c mod 4.
Finally, we observe that Proposition 5.7 immediately follows as a corollary of the last part of Theorem 5.8 when, in the notation of Proposition 5.7, we have ≥ n, but otherwise not.
6. Computations 6.1. Cubic multigraphs on 8 vertices. For the sake of study and cataloging of results, all cubic multigraphs on 8 vertices were generated. The count of connected cubic multigraphs on up to 24 vertices is given by Brinkmann et al. (they refer to these as connected cubic multigraphs with loops) [6] . Here, we also provide drawings of all these graphs on up to 8 vertices.
Computer search reaffirmed that there are exactly 71 connected cubic multigraphs on 8 vertices. Of these, the four which are 3-connected are shown in Figure 19 . All four of these graphs are simple; the fifth simple graph appears in the list below as, in the notation defined below, 4d||4d.
To list the non-3-connected examples we use various cubic multigraphs on 2 to 6 vertices, as shown in Figures 20 -24 . These multigraphs are labeled in the form nx where n indicates the number of vertices and x is an arbitrary alphabetic designator. Given multigraphs G, H with a single half-edges each, we write G|H to denote the result of attaching the half-edge of G to the half-edge of H. Given multigraphs G, H with 2 half-edges each, we write G||H to denote the result of attaching the half-edges of G to the half edges of H, respectively. How to pair the half-edges of G with those of H will not matter for us, as in all cases we list, one of G or H will be symmetric with respect to its half-edges. When G 1 and G 2 each have a single half-edge and H has 2, we write G 1 |H|G 2 to denote the result of the obvious attachments. When G 1 and G 2 each have two half-edges, we write G 1 ||4g||G 2 to denote the result of attaching the two half-edges of G 1 to the left half-edges of multigraph 4g and attaching the half-edges of G 1 to the right half-edges of 4g. Brinkmann et al. identify various construction operations that are equivalent or analogous to our action of attaching [6] .
The following is a complete list of representatives of the distinct isomorphism classes of all connected, non-3-connected cubic multigraphs on 8 vertices.
• All multigraphs of the form G||H, where G, H ∈ {4a, 4b, 4c, 4d, 4e, 4f}, excluding the case 4f||4f. In fact, there are two ways to connect 4f to itself. One is listed as 4a||4e and the other is listed below as 6d||2a. Note that 4d||4d is the fifth simple connected cubic graph on 8 vertices.
• All multigraphs of the form G||H where G ∈ {6a, 6b, 6c, 6d, 6e} and H ∈ {2a, 2b, 2c}, excluding 6a||2a and 6f||2a (which are listed above as 4c||4c and 4c||4f, respectively.) • All multigraphs of the form G 1 ||4g||G 2 where G 1 , G 2 ∈ {2a, 2b, 2c}, excluding 2a||4g||2a and 2b||4g||2b (which are listed above as 4e||4e and 6b||2a, respectively.) • All multigraphs of the form G|H where G ∈ {5a, 5b, 5c, 5d, 5e, 5f} and H ∈ {3a, 3b, 3c}.
• All multigraphs of the form G 1 |H|G 2 where G 1 ∈ {3a, 3b, 3c}
and H ∈ {2b, 2c}. To determine the disconnected cubic multigraphs on 8 vertices, we proceeded as follows. First, computer search found 24 connected cubic multigraphs on fewer than 8 vertices. Since there must be an even quantity of odd vertices, these are graphs on either 2, 4, or 6 vertices. In total, there are 2 such graphs on 2 vertices, 5 such graphs on 4 vertices, and 17 such graphs on 6 vertices; these are displayed in Figure  25 and Figure 26 . Write a and b for the two connected cubic graphs on two vertices, write F, F for arbitrary 4-vertex connected cubic graphs, and write 5a 5b 5c 5d 5e 5f
Figure 23. Some cubic multigraphs on 5 vertices, with half-edges. S for an arbitrary 6-vertex connected cubic graph. To enumerate the ways to build the disconnected cubic multigraphs on 8 vertices, we observe that the number 8 has 4 partitions, and consider the possible corresponding patterns.
• 8 = 2+2+2+2. This yields 5 possible patterns: aaaa, aaab, aabb, abbb, bbbb • 8 = 2+2+4; This yields 15 possible patterns: aaF, abF, bbF 6.2. Cubic quadrangulations on up to 22 vertices. All cubic quadrangulation having up to 22 vertices (8 cubic vertices together with up to 14 additional "crossings") were generated using the graph generator geng from the package Nauty [14] . The search space was restricted using the following facts about cubic quadrangulations:
• They are bipartite • If there are n vertices then there are 2n − 4 edges.
• The degree of each vertex is 3 or 4.
• They are 2-connected. (Actually, they are 3-connected because they are combinatorially equivalent to 3-polytopes, but Nauty does not allow for this fact to be used directly in restricting the search space.)
The results from geng were then passed through the planarity filter included with Nauty. All computations were done on a 2017 MacBook Pro. The enumerations for n = 8, . . . , 19 went very quickly. The computation for n = 20 took less than an hour, and for n = 21 it took about 4 days. The case n = 22 took more than a month and generated 1.5 billion candidate graphs that needed to be tested for planarity, of which only 30 graphs passed. For n = 22 the planarity test took almost as long as the graph generation.
Ultimately, the computations showed that there are 114 cubic quadrangulations having up to 22 vertices. After completing these enumerations, the Python library NetworkX [11] was used to classify and visualize the extracted cubic graphs.
6.3. Additional cubic quadrangulations. The NetworkX library was also used to identify new cubic quadrangulations from previously discovered ones by applying the radial method and reducing. Decomposing as per the two disks construction then provided new seeds for the two disks construction. This process was iterated 3 times, after which it no longer produced new cubic quadrangulations, yielding quadrangulated immersions of 133 cubic multigraphs. The 7 missing multigraphs were: the graph on the far right of Figure 19 , the graphs 5a|3a, 5b|3a, 5e|3a (the last is shown in Figure 28) , and the graphs shown in Figure  27 . Figure 27 . The three cubic graphs on 8 vertices for which we do not have a quadrangulated immersion. In the notation from Section 6.1, these are 3a|2b|3a, 3a|2b|3b, 3b|2b|3b .
An additional computation was done using the two disks construction directly. This showed that quadrangulated immersions of 137 of the cubic multigraphs can be constructed using disks of circumference 18 or less. The remaining three multigraphs are shown in Figure 27 . Further computation showed that these three examples cannot be achieved with the two disks construction using disks of circumference 30 or less, and we currently do not know whether these multigraphs graphs have quadrangulated immersions at all. The computation for circumference 30 covered 415,730,700 cases and took about 72 hours on an Intel Xeon E5-2670 2.6GHz processor. Figure 28 . A quadrangulated immersion, coonstructed by hand, which cannot be achieved with a two disks construction.
